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Abstract We study the concurrence of arbitrary dimensional multipartite quantum systems. An
explicit analytical lower bound of concurrence for four-partite mixed states is obtained in terms
of the concurrences of tripartite mixed states. Detailed examples are given to show that our lower
bounds improve the existing lower bounds of concurrence. The approach is generalized to five-partite
quantum systems.
Keywords Concurrence · Lower bound of concurrence · Four-partite mixed states · Multipartite
quantum systems
1 Introduction
As a striking feature of quantum physics and an essential resource in quantum information process-
ing [1]-[4], quantum entanglement has attracted much attention in recent years [5]-[10]. Its potential
applications in quantum information processing have been demonstrated in, such as quantum com-
putation [11], quantum teleportation [12], dense coding [13], quantum cryptographic schemes [14],
entanglement swapping [15], remote states preparation [16], and in many pioneering experiments.
To give a proper description and qualify the quantum entanglement for a given quantum state,
many entanglement measures have been introduced, such as the entanglement of formation [17] for
bipartite quantum systems and concurrence [18] for any multipartite quantum systems. For the two
qubit case, the entanglement of formation is proven to be a monotonically increasing function of
the concurrence and an elegant formula for the concurrence was derived analytically by Wootters
[19]. However, except for bipartite qubit systems and some special symmetric states [20], there
have been no explicit analytic formulas of concurrence for arbitrary high-dimensional mixed states,
due to the extremizations involved in the computation. Instead of analytic formulas, some progress
has been made toward the analytical lower bounds of concurrence. A lower bound of concurrence
based on local uncertainty relation criterion is derived in [10]. This bound is further optimized in
[21]. For arbitrary bipartite quantum states, Refs [22]-[23] provide a detailed proof of an analytical
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lower bound of concurrence in terms of a different approach that has a close relationship with the
distillability of bipartite quantum states.
In [23]-[24], the authors presented a lower bound of concurrence by decomposing the joint Hilbert
space into many 2⊗ 2 and s⊗ t-dimensional subspaces, which improve all the known lower bounds
of concurrence. A similar nice algorithms and progress have been made towards lower bounds of
concurrence for tripartite quantum systems [25,26] and other multipartite quantum systems [27]-
[28] by bipartite partitions of the whole quantum system. One would like to ask naturally if it
is possible to improve further the lower bound of concurrence by using tripartite and M -partite
concurrences of an N -partite (M < N) systems.
In this paper, we first provide lower bounds of concurrence for arbitrary dimensional four-partite
systems in terms of tripartite concurrences. Detailed examples are given to show that these bounds
are better than the well known existing lower bounds of concurrence. We then generalize lower bound
of concurrence to arbitrary multipartite case.
2 Lower bounds of concurrence for four-partite mixed states
We first recall the definition and some lower bounds of the multipartite concurrence. Let Hi, i =
1, · · · , N , be di dimensional Hilbert spaces. The concurrence of an N -partite pure state |ψ〉 ∈ H1 ⊗
H2 ⊗ · · · ⊗HN is defined by [29],
CN (|ψ〉) = 21−N2
√
(2N − 2)−
∑
α
Tr[ρ2α], (1)
where the index α labels all 2N − 2 non-trivial subsystems of the N -partite quantum systems and
ρα are the corresponding reduced density matrices.
For a mixed multipartite quantum state ρ =
∑
i pi|ψi〉〈ψi| ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN , pi ≥ 0,∑
i pi = 1, the concurrence is given by the convex roof:
CN (ρ) = min{pi,|ψi>}
∑
i
piCN (|ψi〉), (2)
where the minimum is taken over all possible convex partitions of ρ into pure state ensembles {|ψi〉}
with probability distributions {pi}.
In [27] the authors obtained lower bounds of multipartite concurrence in terms of the concurrences
of bipartite partitioned states of the whole quantum system. For an N -partite quantum pure state
|ψ〉 ∈ H1⊗H2⊗· · ·⊗HN , dimHi = di, i = 1, · · · , N , the concurrence of bipartite partition between
the subsystems 12 · · ·M and M + 1 · · ·N is defined by
C2(|ψ〉〈ψ|) =
√
2(1− Tr[ρ212···M ]), (3)
where ρ12···M = TrM+1···N{|ψ〉〈ψ|} is the reduced density matrix of ρ = |ψ〉〈ψ| by tracing over the
subsystems M + 1 · · ·N. For a mixed multipartite quantum state ρ = ∑i pi|ψi〉〈ψi| ∈ H1 ⊗ H2 ⊗
· · · ⊗HN , the corresponding concurrence C2(ρ) is given by the convex roof:
C2(ρ) = min{pi,|ψi〉}
∑
i
piC2(|ψi〉〈ψi|). (4)
A relation between the concurrence (2) and the bipartite concurrence (4) has been presented in [27]:
For a multipartite quantum state ρ ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN with N ≥ 3, the following inequality
holds,
CN (ρ) ≥ max2
3−N
2 C2(ρ), (5)
where the maximum is taken over all kinds of bipartite concurrences.
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In terms of the lower bounds of bipartite concurrence, in [28] further relations between the
concurrence (2) and the bipartite concurrence (4) has been obtained:
CN (ρ) ≥ max
M=1,2,··· ,N−1
{2 1−N2
√
2N−M + 2M − 2C2(ρM )} (6)
for N ≥ 3, where the maximum is taken over all kinds of bipartite concurrences for given M .
In particularly, if N = 3, one has C3(ρ) ≥ max{C2(ρ1), C2(ρ2)}. If N = 4, one gets C4(ρ) ≥
max{C2(ρ1),
√
3
2 C2(ρ2), C2(ρ3)}.
For multi-qubit systems, in [30] the authors get the analytical lower bounds in terms of the
monogamy inequality: For any four-qubit mixed quantum state ρ, the concurrence C(ρ) satisfies
C24 (ρ) ≥
3∑
i=1
4∑
j>i
(Ti + Tj)C
2
ij(ρ), (7)
where
T1 = 1 + {−2− x
2
|2− x
2
}+ {−2− y
2
|2− y
2
}+ {−2− z
2
|2− z
2
},
T2 = 1 + {2− x
2
| − 2− x
2
}+ {−y
2
|y
2
}+ {−z
2
|z
2
},
T3 = 1 + {−x
2
|x
2
}+ {2− y
2
| − 2− y
2
}+ {z
2
| − 2− z
2
},
T4 = 1 + {x
2
| − x
2
}+ {y
2
| − y
2
}+ {2− z
2
| − 2− z
2
},
x, y, z ∈ [0, 2], the bracket {a|b} is defined such that one may either take the first element a or the
second element b from {a|b}, and for example C212(ρ) denotes the concurrence of the reduced state
ρ12 = Tr34(ρ). However, for any given pair a and b, once the first (the second) has been taken, then
in a formula one always takes the first (the second) element in all the following brackets containing
the same two elements a and b.
In order to improve the lower bounds of concurrence, in the following we consider tripartite con-
currence C3(ρ), instead of the bipartite concurrence C2(ρ). For an N -partite quantum pure state
|ψ〉 ∈ H1⊗H2⊗ · · · ⊗HN , dimHi = di, i = 1, 2, · · ·N (N ≥ 3), we denote M decomposition among
subsystems {i1}, {i2}, · · · , {iM1}, {k11, k12}, {k21, k22}, · · · , {kM21 , kM22 }, · · · , {q11 , · · · , q1j }, {q21 , · · · , q2j }, · · · , {qMj1 , · · · , qMjj },
where {i1, i2, · · · , iM1 , k11 , k12 , k21 , k22 , · · · , kM21 , kM22 , · · · , q11 , · · · , q1j , · · · , qMj1 , · · · , qMjj } = {1, 2, · · · , N}
and
∑j
k=1Mk =M,
∑j
k=1 kMk = N, the concurrence ofM−partite decomposition among the above
subsysytems is given by
CM (|ψ〉〈ψ|) = 21−M2
√
(2M − 2)−
∑
α
Tr[ρ2α], (8)
where ∅ 6= α ( {{i1}, {i2}, · · · , {iM1}, {k11, k12}, {k21, k22}, · · · , {kM21 , kM22 }, · · · , {q11, · · · , q1j }, · · · , {qMj1 , · · · , qMjj }}
and ρα are the corresponding reduced density matrices.
For example, we can define the concurrence of tripartite decomposition among subsystems
1, 2, · · · ,M , M + 1, · · · , L and L+ 1, · · · , N as,
C3(|ψ〉〈ψ|) =
√
3− Tr[ρ212···M + ρ2M+1···L + ρ2L+1···N ], (9)
where ρ12···M = TrM+1,··· ,L,L+1,··· ,N (|ψ〉〈ψ|) is the reduced density matrix of ρ = |ψ〉〈ψ| by tracing
over the subsystems M +1, · · · , L, L+1, · · · , N . Similar definitions apply to ρM+1···L and ρL+1···N .
The rearrangement of the subsystems are implied naturally, so if take N = 4,M = 3, there are
4 Wei Chen et al.
six different partitions of four system: 1|2|34, 1|3|24, 1|4|23, 12|3|4, 13|2|4, 14|2|3, then we can get the
following theorem:
Theorem 1. For a multipartite quantum state ρ ∈ H1⊗H2⊗H3⊗H4, then the following inequality
holds,
C24 (ρ) ≥ C˜3
2
(ρ), (10)
where C˜3
2
(ρ) = 16 (C
2
3 (ρ1|2|34) + C
2
3 (ρ1|3|24) + C
2
3 (ρ1|4|23) + C
2
3 (ρ12|3|4) + C
2
3 (ρ13|2|4) + C
2
3 (ρ14|2|3)).
Proof: For a pure multipartite state |ψ〉 ∈ H1 ⊗H2 ⊗H3 ⊗H4, let ρ = |ψ〉〈ψ|, From (1), we have
C24 (ρ) =
1
2
(
4∑
i=1
(1− trρ2i ) +
4∑
i=2
(1− trρ21i)) (11)
and
C23 (ρi|j|kl) = (1− trρ2i ) + (1− trρ2j ) + (1− trρ2kl), (12)
where ρi = Trjkl(ρ), ρj = Trikl(ρ), ρkl = Trij(ρ).
Then from (11) and (12), we have C24 (ρ) ≥ 16 (C23 (ρ1|2|34)+C23 (ρ1|3|24)+C23 (ρ1|4|23)+C23 (ρ12|3|4)+
C23 (ρ13|2|4) + C
2
3 (ρ14|2|3)).
Assuming that a mixed state ρ =
∑
i pi|ψi〉〈ψi| attains the minimal partition of the multipartite
concurrence, one has,
C24 (ρ) = (
∑
i
piC4(|ψi〉〈ψi|))2
≥ (
∑
i
pi
√
1
6
(C23 ((|ψi〉)1|2|34) + C23 ((|ψi〉)1|3|24) + · · ·+ C23 ((|ψi〉)14|2|3)) )2
≥ (
∑
i
pi
1√
6
C3((|ψi〉)1|2|34))2+(
∑
i
pi
1√
6
C3((|ψi〉)1|3|24))2+ · · ·+(
∑
i
pi
1√
6
C3((|ψi〉)14|2|3))2
≥ 1
6
(C23 (ρ1|2|34) + C
2
3 (ρ1|3|24) + C
2
3 (ρ1|4|23) + C
2
3 (ρ12|3|4) + C
2
3 (ρ13|2|4) + C
2
3 (ρ14|2|3)),
where the relation (
∑
j(
∑
i xij)
2)
1
2 ≤ ∑i(∑j x2ij) 12 has been used in second inequality. Therefore,
we have (10).
⊓⊔In order to show that our lower bound (10) can detect entanglement better, let us consider
the following examples.
Example 1. We now first consider a simple case, the generalized four-qubit GHZ state: |ψ〉 =
cosθ|0000〉 + sinθ|1111〉. We have C4(|ψ〉) =
√
7sin2θcos2θ. From our lower bound (10), we have
C4(ρ) ≥
√
6sin2θcos2θ, which is generally greater than the bounds
√
4sin2θcos2θ from [28] and√
2sin2θcos2θ from [27].
Example 2. Now consider the quantum mixed state ρ = 1−t16 I16 + t|φ〉〈φ|, with |φ〉 = 12 (|0000〉 +|0011〉+ |1100〉+ |1111〉), where I16 denotes the 16× 16 identity matrix. By Theorem 4 in [26], we
obtain
C2(ρ12|3|4) ≥

0, 0 ≤ t ≤ 19 ,
81t2−18t+1
192 ,
1
9 < t ≤ 15 ,
181t2−58t+5
192 ,
1
5 < t ≤ 1.
Also we can get
C2(ρ1|3|24) ≥
{
0, 0 ≤ t ≤ 15 ,
175t2−70t+7
192 ,
1
5 < t ≤ 1.
Similarly, C2(ρ1|2|34) has the same lower bound asC2(ρ12|3|4), and C2(ρ1|4|23), C2(ρ13|2|4), C2(ρ14|2|3)
have the same lower bound as C2(ρ1|3|24). Associated with (10), we have
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C24 (ρ) ≥

0, 0 ≤ t ≤ 19 ,
81t2−18t+1
576 ,
1
9 < t ≤ 15 ,
531t2−198t+19
576 ,
1
5 < t ≤ 1.
So our result can detect the entanglement of ρ when 19 < t ≤ 1, see FIG.1. While the lower bound
of Theorem 1 in [30] is C2(ρ) ≥ 0, when 19 < t ≤ 13 , which can not detect the entanglement of the
above ρ. Also we can found that our lower bound are larger than the lower bound of Theorem 1 in
[30] when 19 < t ≤ 111+4
√
106
255 ,
0.0 0.2 0.4 0.6 0.8 1.0
0
.0
0
.4
0
.8
t
C
^2
Fig. 1 Solid line for the lower bound from (10), which detects the entanglement of ρ when 1
9
< t ≤ 1. Dashed line
for the lower bound from Theorem 1 in [30]. It detects entanglement only for 1
3
< t ≤ 1.
Similarly, the lower bound of Theorem 1 in [31] is C2(ρ) ≥ 0, when 19 < t ≤ 13 , which can not
detect the entanglement of the above ρ. Also we can found that our lower bound are larger than the
lower bound of Theorem 1 in [31] when 19 < t ≤ 219+4
√
187
579 , see FIG.2.
0.0 0.2 0.4 0.6 0.8 1.0
0
.0
0
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1
.0
1
.5
2
.0
t
C
^2
Fig. 2 Solid line for the lower bound from (10), which detects the entanglement of ρ when 1
9
< t ≤ 1. Dashed line
for the lower bound from Theorem 1 in [31]. It detects entanglement only for 1
3
< t ≤ 1.
Example 3. Let us consider the four-qubit Dicke state with two excitations[32],
ρ =
1− t
16
I16 + t|D(2)4 〉〈D(2)4 |,
where |D(2)4 〉 = (|0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉)/
√
6. When 3(8
√
2−3)
119 < t ≤ 13 ,
we find that the lower bound in [30] and [31] is C2(ρ) ≥ 0, which can not detect entanglement.
6 Wei Chen et al.
While our lower bound can detect entanglement when 3(8
√
2−3)
119 < t ≤ 1. So our bound can detect
entanglement better.
Remark 1. The definition of concurrence in [30] is different from (1) up to a constant factor 21−N/2.
In above examples and [31], the difference of the constant factor in defining the concurrence for pure
states has already been taken into account.
3 Results of lower bounds of concurrence for arbitrary multipartite quantum systems
If we take N = 5,M = 3, there are twenty-five different partitions of five system: 1|2|345, 1|3|245,
1|4|235, 1|5|234, 1|23|45, 1|24|35, 1|25|34, 12|3|45, 12|34|5, 12|4|35, 13|2|45, 13|24|5, 13|4|25, 14|2|35,14|23|5, 14|3|25, 15|2|34, 15|23|4, 15|3|24, 123|4|5, 134|2|5, 124|3|5, 135|2|4, 125|3|4, 145|2|3,
then we have
Theorem 2. For a multipartite quantum state ρ ∈ H1 ⊗H2 ⊗H3 ⊗ H4 ⊗ H5, then the following
inequality holds,
C25 (ρ) ≥ C˜3
2
(ρ), (13)
where C˜3
2
(ρ) = 125 (C
2
3 (ρ1|2|345) + C
2
3 (ρ1|3|245) + · · ·+ C23 (ρ145|2|3)).
Proof: For a pure multipartite state |ψ〉 ∈ H1 ⊗H2 ⊗H3 ⊗H4 ⊗H5, let ρ = |ψ〉〈ψ|, From (1), we
have
C25 (ρ) =
1
4
(
5∑
i=1
(1 − trρ2i ) +
5∑
i=2
(1− trρ21i) +
5∑
i=3
(1− trρ22i) +
5∑
i=4
(1− trρ23i) + (1 − trρ245)), (14)
C23 (ρi|jt|kl) = (1− trρ2i ) + (1− trρ2jt) + (1− trρ2kl), (15)
where ρi = Trjtkl(ρ), ρjt = Trikl(ρ), ρkl = Trijt(ρ), and
C23 (ρi|j|kls) = (1− trρ2i ) + (1− trρ2j ) + (1− trρ2kls), (16)
where ρi = Trjkls(ρ), ρj = Trikls(ρ), ρkls = Trij(ρ).
For a bipartite density matrix ρ ∈ HA ⊗HB , from [21], one has
1− Tr(ρ2AB) ≤ (1 − Tr(ρ2A)) + (1− Tr(ρ2B)), (17)
where ρA = TrB(ρAB), ρB = TrA(ρAB).
Then from (14), (15), (16) and (17), we have C25 (ρ) ≥ 125 (C23 (ρ1|2|345) + C23 (ρ1|3|245) + · · · +
C23 (ρ145|2|3)).
Assuming that a mixed state ρ =
∑
i pi|ψi〉〈ψi| attains the minimal decomposition of the multi-
partite concurrence, one has,
C25 (ρ) = (
∑
i
piC5(|ψi〉〈ψi|))2
≥ (
∑
i
pi
√
1
25
(C23 ((|ψi〉)1|2|345) + C23 ((|ψi〉)1|3|245) + · · ·+ C23 ((|ψi〉)145|2|3)))2
≥ (
∑
i
pi
1
5
C3((|ψi〉)1|2|345))2 + (
∑
i
pi
1
5
C3((|ψi〉)1|3|245))2 + · · ·+ (
∑
i
pi
1
5
C3((|ψi〉)145|2|3))2
≥ 1
25
(C23 (ρ1|2|345)+C
2
3 (ρ1|3|245)+· · ·+C23 (ρ145|2|3)),
Therefore, we have (13).
If we takeN = 5,M = 4, there are ten different partitions of five system: 1|2|3|45, 1|2|4|35, 1|2|5|34,
1|23|4|5, 1|24|3|5, 1|25|3|4, 12|3|4|5, 13|2|4|5, 14|2|3|5, 15|2|3|4, similar to Theorem2, we can get
Lower bound of multipartite concurrence based on sub-partite quantum systems 7
Theorem 3. For a multipartite quantum state ρ ∈ H1 ⊗H2 ⊗H3 ⊗ H4 ⊗ H5, then the following
inequality holds,
C25 (ρ) ≥ C˜4
2
(ρ), (18)
where C˜4
2
(ρ) = 110 (C
2
4 (ρ1|2|3|45) + C
2
4 (ρ1|2|4|35) + · · ·+ C24 (ρ15|2|3|4)).
Proof: For a pure multipartite state |ψ〉 ∈ H1 ⊗H2 ⊗H3 ⊗H4 ⊗H5, let ρ = |ψ〉〈ψ|, From (1), we
have
C25 (ρ) =
1
4
(
5∑
i=1
(1 − trρ2i ) +
5∑
i=2
(1− trρ21i) +
5∑
i=3
(1− trρ22i) +
5∑
i=4
(1− trρ23i) + (1 − trρ245)), (19)
and
C˜4
2
(ρ) =
1
10
(C24 (ρ1|2|3|45) + C
2
4 (ρ1|2|4|35) + · · ·+ C24 (ρ15|2|3|4))
=
1
20
{[(1− trρ212) + (1− trρ23) + (1 − trρ24) + (1 − trρ25) + (1 − trρ234)
+(1− trρ235) + (1 − trρ245)] + [(1 − trρ213) + (1 − trρ22) + (1 − trρ24)
+(1− trρ25) + (1− trρ245) + (1− trρ225) + (1− trρ224)] + · · ·+ [(1 − trρ245)
+(1− trρ21) + (1− trρ22) + (1− trρ23) + (1− trρ223) + (1− trρ213) + (1− trρ212)]} (20)
In order to prove (18) for pure state, we compare (19) with (20), and we find that we only to
prove
5∑
i=1
(1− trρ2i ) ≤
5∑
i=2
(1 − trρ21i) +
5∑
i=3
(1− trρ22i) +
5∑
i=4
(1− trρ23i) + (1 − trρ245) (21)
and (21) is obvious right for the pure state by (17).
Assuming that a mixed state ρ =
∑
i pi|ψi〉〈ψi| attains the minimal decomposition of the multi-
partite concurrence, one has,
C25 (ρ) = (
∑
i
piC5(|ψi〉〈ψi|))2
≥ (
∑
i
pi
√
1
10
(C24 ((|ψi〉)1|2|3|45) + C24 ((|ψi〉)1|2|4|35) + · · ·+ C24 ((|ψi〉)15|2|3|4)))2
≥ (
∑
i
pi
1√
10
C4((|ψi〉)1|2|3|45))2+(
∑
i
pi
1√
10
C4((|ψi〉)1|2|4|35))2+· · ·+(
∑
i
pi
1√
10
C4((|ψi〉)15|2|3|4))2
≥ 1
10
(C24 (ρ1|2|3|45)+C
2
4 (ρ1|2|4|35)+· · ·+C24 (ρ15|2|3|4)),
Therefore, we have (18).
Now we hope to generalize our results to N -partite systems (N > 4). Firstly, we consider six-
partite state ρ ∈ H1 ⊗ H2 ⊗ H3 ⊗ H4 ⊗ H5 ⊗ H6, if we hope to get C26 (ρ) ≥ C˜5
2
(ρ), we should
get
5
6∑
i=1
(1− trρ2i ) ≤
6∑
i=2
(1− trρ21i) +
6∑
i=3
(1− trρ22i) +
6∑
i=4
(1 − trρ23i) +
6∑
i=5
(1− trρ24i)
+(1− trρ256) + 3[
6∑
i=3
(1− trρ212i) +
6∑
i=4
(1− trρ213i) +
6∑
i=5
(1 − trρ214i) + (1− trρ2156)], (22)
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but we are not sure that (22) is always true. So we only have C2N (ρ) ≥ C˜M
2
(ρ) for integersN ≤ 5, 3 ≤
M ≤ 4, where C˜M
2
(ρ) takes average over all possible square M -partite concurrences. Generally, we
obtain
Theorem 4.
C25 (ρ) ≥ s1{C˜4
2
(ρ)} + s2{C˜3
2
(ρ)},
where
∑2
i=1 si = 1, s1 ≥ 0, s2 ≥ 0.
4 Conclusions and Remarks
In summary, we have presented an approach to derive lower bounds of concurrence for arbitrary
dimensional N -partite (N ≤ 5) systems based on sub M -partite (M = 3, ..., N − 1) concurrences.
Lower bounds of concurrence for four-partite(or five-partite) mixed states have been studied in detail
in terms of the tripartite concurrences. By detailed examples we have shown that this bound is better
than other existing lower bounds of concurrence. we find that our lower bound is relatively tight
though these examples. Example 1 in our paper can show that our lower bound are larger than the
previous lower bounds and Example 2, 3 can show our lower bound can detect more entanglement
than the previous lower bounds. At last, we also present a lower bound of five-partite mixed states
based on the mixing of C˜4
2
(ρ) and C˜3
2
(ρ).
Above all, in [23,25,26] lower bounds of concurrence for high dimensional systems have been
presented based on the concurrences of sub-dimensional states, by decomposing the joint Hilbert
space into lower dimensional subspaces. For high dimensional N -partite systems (N ≤ 5), it would
be useful to use the concurrences of both sub-dimensional states and sub-partite states. An optimal
lower bound could be obtained by repeatedly using the concurrences of sub-dimensional and sub-
partite states in an suitable order. We are also looking forward to get lower bounds for arbitrary
multipartite systems.
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